Damien Colombet, Dominique Legendre, Arnaud Cockx, Pascal Guiraud. Mass or heat transfer inside a spherical gas bubble at low to moderate Reynolds number. International Journal of Heat and Mass Transfer, Elsevier, 2013, vol. 67, pp.1096-1105 Mass (or heat) transfer inside a spherical gas bubble rising through a stationary liquid is investigated by direct numerical simulation. Simulations were carried out for bubble Reynolds number ranging from 0.1 to 100 and for Péclet numbers ranging from 1 to 2000. The study focuses on the effect of the bubble Reynolds number on both the interfacial transfer and the saturation time of the concentration inside the bubble. We show that the maximum velocity U max at the bubble interface is the pertinent velocity to describe both internal and external transfers. The corresponding Sherwood (or Nusselt) numbers and the saturation time can be described by a sigmoid function depending on the Péclet number Pe max = U max d b /D (d b and D being the bubble diameter and the corresponding diffusion coefficient).
Introduction
In a great number of processes such as chemical engineering or water treatment, bubbly flows are used for mass transfer. In some situations the resistance of the transfer resides in the gas phase. For physical absorption or desorption of very soluble gases, as predicted by the Lewis-Whitman two-film model [1] , the mass transfer liquid-phase resistance can be negligible and mass transfer is then controlled by the gas phase resistance. A typical example is ammonia removal from water where mass transfer is limited by the solute concentration transport inside bubbles. For gas absorption followed by an extremely fast chemical reaction in the liquid phase, mass transfer can also be controlled by gas-side transfer resistance [2, 3] . A typical example is sulfur dioxide absorption into alkali solutions. In such cases, the estimation of the mass transfer requires the knowledge of the gas-side transfer. A large amount of studies have considered the external mass transfer [4] [5] [6] [7] but less attention has been paid to the internal mass transfer.
Newman [8] has derived the analytical solution of the mass transfer controlled by pure diffusion inside a sphere. From the instantaneous concentration profile, the time evolution of the inside Sherwood number Sh has been obtained for a fixed concentration c s at the surface and an initial uniform concentration c 0 inside the sphere. The corresponding Sherwood number tends to an asymptotic constant value Using the Stokes (or creeping flow) solution for the description of the flow inside the bubble [9, 10] , Kronig and Brink [11] obtained numerically the instantaneous Sherwood number in the limit of high Péclet number. The corresponding asymptotic value of the Sherwood number Sh 1 , valid in the limits Re ? 0 and Pe ? 1,i s also found to be constant: Sh 1 ðRe ! 0; Pe !1Þ%17:90 ð2Þ
As pointed out by Clift et al. [4] , the solution (2) is very close to the solution (1) when considering an effective diffusion coefficient D eff = 2.5D. The experiments of Calderbank and Korchinski [12] on heat transfer inside bromobenzene circulating drops falling in water-glycerol solutions also show an agreement with relation (2) with a measured effective diffusion coefficient D eff = 2.25D. Using the Hadamard-Rybczynski solution for the internal flow and numerical simulations for the transport of the mass concentration, Clift et al. [4] have shown that the increase of the Péclet number produces a gradual increase of the asymptotic Sherwood number Sh 1 , from the value Sh 1 % 6.58 given by (1) up to a value close to Sh 1 % 17.90 given by (2) . Few studies have considered the internal transfer at moderate Reynolds number [13, 14] . The numerical simulations performed by Oliver and De Witt [13] indicate that the Sherwood number Sh 1 at large Péclet number weakly increases with the bubble Reynolds number Re. For intermediate Reynolds number, Sh 1 is influenced by both the Péclet and the Reynolds numbers. In order to describe the corresponding evolution of Sh 1 , Oliver and De Witt [13] introduced the following effective Péclet number Pe eff expressed here for a spherical bubble:
This effective Péclet number expresses the increase of the inner vortex strength with the bubble Reynolds number. Considering this effective Péclet number, Oliver and De Witt [13] show that their numerical results almost collapse on a single curve. Note that the increase of the asymptotic Sherwood number Sh 1 with the Reynolds number has also been reported by Paschedag et al. [15] for the conjugate mass transfer problem inside droplets. More recently, thanks to direct numerical simulations, Juncu [14] investigated thoroughly unsteady heat/mass transfer inside a circulating sphere for three fluid-fluid systems (gas-bubbles, liquid drops in an immiscible liquids, liquid drops in gases). For the case of a bubble, this work has considered Re 6 100 and Pe 6 10 4 . The simulations confirm the increase of the Sherwood number with the increase of the bubble Reynolds number. The study also shows that the scaling proposed by Oliver and De Witt [13] (Eq. (3)) is only adapted for the description of the transfer for small to moderate effective Péclet number, i.e. Pe eff 6 200.
In order to determine the transfer in the limit of high Reynolds numbers, Zaritzky and Calvelo [16] have used the internal potential flow solution [17] for the flow inside the bubble in order to solve by numerical simulation the concentration field. Surprisingly, Sh 1 is close to the value 17.90 given by (2) in the limit of small Reynolds number [11] suggesting no effect of the Reynolds number on the transfer at high Péclet number. Despite a good agreement found between these numerical results and their experimental measurements for the transfer of SO 2 in water for Re > 800, this results is in contradiction with the numerical simulations [13, 14] indicating an effect of the Reynolds number on the inside transfer. According to Oliver and De Witt [13] , this effect is linked to the non uniform increase of the velocity around a fluid sphere when increasing the Reynolds number. The main objective of this paper is to clarify the effect of the bubble Reynolds number on the transfer at intermediate Reynolds number. For this purpose direct numerical simulations have been performed to calculate the inside transfer for bubble Reynolds numbers ranging from 0.1 to 100 and for Péclet numbers ranging from 1 to 2000.
The paper is organized as follows. Sections 2 and 3 present the governing equations and the numerical procedure, respectively. Section 4 is devoted to the validation of the numerical procedure for both the fluid motion and the internal transfer. Section 5 presents and discusses the numerical results in order to improve the modeling of the internal transfer. The modeling of the Sherwood number for external mass (or heat) transfer is also discussed. 
Governing equations
We consider a clean spherical gas bubble of diameter d b =2r b moving at a constant relative velocity U b in a liquid at rest. In terms of a (Eulerian) frame of reference fixed with the bubble, the liquid velocity field inside (k = G) and outside (k = L) the bubble is given by the Navier-Stokes equations written for Newtonian incompressible fluids:
where s k = l k (ru k + r T u k ) is the viscous part of the stress tensor, q k and l k are the density and the dynamic viscosity of the fluid k, respectively.
Far from the bubble, the external liquid satisfies the condition u L ? ÀU b . In the absence of any surface tension gradient and bubble deformation, the two fluids satisfy the continuity of the normal velocity, the tangential velocity and the tangential viscous stress at the bubble surface:
where n and t are unity vectors normal and tangent to the bubble surface.
The advection-diffusion equation for the concentration c inside the bubble is @c @t
where D is the diffusion coefficient of the considered species in the gas filling the bubble. The initial concentration inside the bubble is noted c 0 and c s is the concentration set fixed at the bubble surface. Some results will be presented using the normalized concentration 
where J is the surface average mass flux, J loc = ÀD(@c/@n) is the local mass flux at the interface and hci is the instantaneous volume average concentration inside the bubble. The average Sherwood number defined by (8) is directly linked to the volume average dimensionless concentration F = hci/(c s À c 0 ) by the relation [4] :
In this work, the instantaneous Sherwood number has been calculated using this relation. We also introduce the asymptotic Sherwood Sh 1 number as Sh 1 = Sh(t ? 1). Note that the instantaneous Sherwood number always reaches the asymptotic value Sh 1 for a time t 0 smaller than 0.5 for all the values (Re, Pe) considered in this work.
The transfer is studied as a function of the bubble Reynolds number Re We also introduce the Schmidt number Sc = m G /D where m G = l G /q G is the gas kinematic viscosity. The simulations reported in this study were performed for the density and viscosity ratio q
Numerical procedure
The flow generated by a clean spherical bubble moving at a constant velocity in a liquid at rest is steady and axisymmetric whatever the bubble Reynolds number [18] . As a consequence, the system of Eq. (4)- (7) has been solved in an axisymmetric system of coordinates. The equations have been written in dimensionless primitive variables and solved with Comsol Ò 3.5a using the Galerkin type finite element method with a direct linear solver [19] . Finite elements used in this work are second-order Lagrange elements. The time integration is implicit using variable-order backward differentiation formulas up to filth order according to the calculation in situ accuracy requirements [20] . The convergence criteria for each time step has been set with an absolute tolerance of 10 À11 , the normalized concentration lying between 0 and 1. The axisymmetric computational domain is presented in Fig. 1 . The bubble is located at the center of a domain of radius R 1 . On the external boundary, inlet and outlet conditions have been imposed. On the left of the domain, the inlet condition consists in imposing a uniform velocity
Outlet boundary conditions are imposed at the right of the flow domain ( Fig. 1 ): the viscous stress is imposed to zero and a zero pressure reference is chosen
where n is here the unit vector normal to the external boundary. The boundary conditions imposed at the bubble surface are given by (6) . The concentration is set fixed to c = c s (c 0 = 1) at the bubble surface and the initial concentration is imposed to c = c 0 (c 0 = 0) inside the bubble.
We first solve the Navier-Stokes equations (Eqs. (4)- (6)) to obtain the steady velocity field outside and inside the bubble for a given Reynolds number. Then, the transient diffusion-convection equation (Eq. (7)) is solved inside the bubble for different Schmidt numbers in order to vary the Péclet number.
An example of the grid is shown in Fig. 2 . Outside the bubble a polar mesh is used, whereas the mesh is triangular inside the bubble. The grid is highly refined in the area near the interface in order to capture the concentration boundary layers. The grid spacing at the interface (both inside and outside) has been determined in order to be much smaller than the concentration boundary layer meshes (A, B, C and D) have been considered in order to test the confinement imposed by the external boundary located at r = R 1 from the bubble center, the number of cells N in and N out , the grid spacing at the interface D in and D out inside and outside the bubble, respectively. The corresponding mesh characteristics are reported in Table 1 . Table 2 presents the values of asymptotic Sherwood number Sh 1 obtained with the four meshes A, B, C and D for Pe =1; 20; 50; 100; 1000; 2000 and for Re = 0.1, 10 and 100. The results found for the different meshes are very close. The largest difference is found with the less refined mesh (mesh A) while no effect is found when increasing the position of the external boundary (mesh B). All the simulations presented in this paper have been performed with the mesh C with
. As shown in Table 2 a more refined mesh (mesh D) does not change the results.
Preliminary validation
We first report some preliminary validations for the resolution of both the Navier-Stokes equations and the concentration equation.
Drag coefficient
The bubble drag coefficient C D is compared with reference results from the literature. The drag force exerted by the surrounding fluid on the bubble is directly calculated from the integration of the pressure and the viscous stress on the bubble surface. In Fig. 3 , the drag coefficient C D is compared with the empirical drag law [21] for clean spherical bubbles:
This correlation, that matches the asymptotic analytical solutions for Re ? 0 and Re ? 1, has been found in very good agreement with various direct numerical simulations [21] [22] [23] . Fig. 3 clearly shows that our numerical results are in good agreement with relation (14).
Velocity at the bubble interface
As it will be stressed in the following, the tangential velocity at the bubble surface plays an important role in the transfer inside and outside the bubble. Fig. 4 .a reports the tangential velocity u h versus the polar angle h for different bubble Reynolds numbers. The velocity distribution is symmetric in the limit of small and large Reynolds number as predicted by the Hadamard-Rybczynski solution and the potential flow, the corresponding maximum velocity located at h = p/2 being U max = U b /2 and U max =3U b /2, respectively. Fig. 4 .b reports the normalized maximal velocity at the interface U max /U b as a function of the bubble Reynolds number Re. The evolution is compared to the following relation [24] 
Both, the local distribution and the maximum value of the tangential velocity at the bubble interface are in very good agreement with previous works [24, 25] . 
Mass transfer in the pure diffusion regime
We first validate the numerical solution of the transfer inside the bubble for the pure diffusion regime (Re = 0 and Pe = 0). The results are compared to the corresponding analytical solution proposed by Newman [8] . The instantaneous radial profile of the normalized concentration is 
The corresponding instantaneous Sherwood number is given as
In the limit t 0 ? 1, Eq. (18) gives the value of the asymptotic Sherwood number Sh 1 =2p 2 /3 % 6.58 (Eq. (1)). In Fig. 5 , some radial profiles are plotted for different dimensionless times. A perfect agreement is obtained between our simulations reported using symbols and the Newman's solution. The corresponding asymptotic Sherwood number estimated from our simulations is Sh 1 = 6.56, which differs only by 0.3% with the Newman's result (1).
Mass transfer at low Reynolds number
We consider the transfer in the limit of low Reynolds number. We compare our results with available solutions from the literature. The simulations reported in Fig. 6 are performed at Re = 0.1. The instantaneous average Sherwood number (Eq. (9)) is plotted against the normalized time t 0 for different Péclet numbers. As shown in this figure, an interesting agreement is obtained between this work and Clift et al. [4] . The small discrepancy between the two curves may be explained by the fact that for Re = 0.1, the velocity field inside the bubble is not exactly given by the creeping flow solution valid in the limit Re ? 0 [9, 10] . A significant difference is observed between our simulations and the Newman's solution (Eq. (18)) due to the value of the Péclet number considered in our simulations. The solution derived by Kronig and Brink [11] is also reported in the figure:
Shðt 0 Þ¼ 32 3
with the first seven values for A n and k n given by [26] A The asymptotic behavior of our simulations (and those of Clift et al. [4] ) is correctly reproduced by this solution for Pe P 160. Indeed, our simulations tend with a very good agreement to the corresponding value of the Sherwood number given by relation (2): Sh 1 (Re ? 0, Pe ? 1)=32k 1 /3 % 17.90. However, the solution obtained by [11] does not reproduce the time oscillations of the inside transfer observed for the values of the Péclet number considered. These time oscillations, characteristic of the mass transfer inside a fluid sphere [27, 4, 13, 14] results from the inside Hill's vortex [28] whose intensity is controlled by the continuity of the velocity and the viscous shear stress at the interface. This inside convection mechanism is enhanced when increasing the Péclet number. It generates a periodic renewal of the concentration at the interface with fresh fluid particles coming from the bubble axis. Consequently, for a given Reynolds number (Re = 0.1 in Fig. 6 ), the increase of the Péclet number results in time oscillations of the Sherwood number. Due to the enhancement of the inside convection, the asymptotic Sherwood number Sh 1 increases with the Péclet number as shown in Fig. 6 .
Results and discussion
We present in Sections 5.1 and 5.2 the results concerning the asymptotic Sherwood number and the saturation time, respectively. Useful simple correlations for the description of the internal mass (or heat) transfer are proposed by introducing a relevant Péclet number based on the maximum tangential velocity U max . Finally, we show in Section 5.3 that this Péclet number is also pertinent for the description of the external mass transfer.
Sherwood number
The asymptotic Sherwood number Sh 1 is reported in Fig. 7 versus the Péclet number for Re = 0.1, 10, 100. In this figure, the evolution of Sh 1 with Pe is shown to increase from Newman's solution Sh 1 (Pe ? 0) = 6.58 up to a finite value close to the Kroning and Brink's result Sh 1 (Pe ? 1) % 17.7 À 18.1. Therefore, the asymptotic Sherwood number is bounded. This result completely differs from the external transfer where the Sherwood number grows as Pe 1/2 . Moreover, as observed for the external mass transfer [29, 5] , the increase of the Reynolds number for a given Péclet number, improves the mass transfer resulting in higher values for Sh 1 . Our numerical results are in very good agreement with Clift et al. [4] for Re = 0.1 and with the simulations of Juncu [14] (filled symbols) reported for the creeping flow, Re = 10 and Re = 100. Fig. 7 clearly indicates two asymptotic limits at low and large Péclet number reached for Pe 6 3 and Pe P 1000, respectively. It is thus possible to deduce from the figure the corresponding asymptotic Sherwood numbers Sh 1 (Re, Pe ? 0) and Sh 1 (Re, Pe ? 1). They are plotted versus the bubble Reynolds number in Fig. 8(a) and (b) , respectively. At low Péclet number, Sh 1 (Re, Pe ? 0) is found to be independent on the Reynolds number and Sh(Re, Pe ? 0) % 6.58. This value is in very good agreement with the analytical solution (1) of Newman [8] and with the numerical simulations of Juncu [14] , the difference being less than 0.15%. The numerical value Sh 1 (Re = 0.1, Pe ? 1) % 17.71 is also in very good agreement with the solution (2) obtained by Kronig and Brink [11] , the difference being around 1%. Fig. 8(b) reports the evolution of Sh 1 (Re, Pe ? 1) normalized by Sh 1 (Re ? 0, Pe ? 1). Sh 1 (Re, Pe ? 1) slightly increases with the Reynolds number for Re > 1. The variation is about 2 À 3% between Re = 1 and Re = 100 and can be described using the following simple relation: 
The numerical results obtained by Juncu [14] for Pe =10 4 are shown in Fig. 8b . The agreement is very good and reveals the same linear increase with the Reynolds number.
Following Oliver and De Witt [13] , Fig. 9 presents the evolution of Sh 1 against the effective Péclet number Pe eff given by relation (3) for different Reynolds numbers. The numerical results are found to roughly collapse on the evolution obtained by Clift et al. [4] under creeping flow condition. However the observed deviation can be explained by the increase of the transfer with the Reynolds number for a fixed Péclet number. The effective Péclet number Pe eff as expressed by Oliver and De Witt [13] does not seem to be adapted for Reynolds number larger than unity. This point will be discussed in the last section.
In order to improve the modeling of the Sherwood number we introduce the normalized asymptotic Sherwood number Sh 
with Sh 1 (Re, Pe ? 0) and Sh 1 (Re, Pe ? 1) given by (1) and (22), respectively. According to Oliver and De Witt [13] , the definition of an effective Péclet number was motivated by the following observation: ''As the Reynolds number increases, the scaled velocities in the droplet (or bubble) also increase. This increase in velocity is not spatially uniform, thus it is not clear how to account for this increasing velocity with increasing Reynolds numbers''. Indeed, as reported in Fig. 4a and b, the interfacial velocity distribution and especially the maximal velocity U max at the interface are strongly affected by the bubble Reynolds number. Consequently, when Re increases, the advection of the concentration at the bubble interface is enhanced. The effective characteristic time scale of the concentra- tion transport by advection is then s adv = d b /U max that leads to the definition of the Péclet number Pe max defined using the maximal velocity U max at the bubble surface The results of Juncu [14] (filled symbols) are also in perfect agreement.
Saturation time
The time t sat necessary to achieve the saturation of the bubble is now considered. This parameter is of importance for the complete modeling of the mass (or heat) transfer. We define here the saturation time t sat as the time to reach 99% of the final concentration inside the bubble, i.e. F = 0.99. t sat is reported in Fig. 11 versus the Péclet number for Re = 0.1, 10, 100. For a given Péclet number, the improvement of mass transfer by increasing the Reynolds number generates a lower saturation time. This behavior is clearly related to the increase of the Sherwood number with the bubble Reynolds number. t sat is found to decrease from the value deduced from the analytical solution (16) and (17) D ð26Þ
The numerical value t sat ðRe ¼ 0:1; Pe !1Þ¼0:158 r where t sat (Re, Pe ? 0) and t sat (Re, Pe ? 1) are given by (26) and (27) , respectively. Fig. 12 reports the evolution of t Ã sat as a function of Pe max . As shown by the figure, all the evolutions collapse on the same curve. The following relation based on a sigmoid function describes the corresponding evolution:
with a 2 % 1.81 and b 2 % 3.30. Fig. 11 confirms that relation (29) gives a good description of the saturation time for all the values (Re, Pe) considered in this study.
External mass (or heat) transfer
We finally extend the previous analysis to the external mass transfer. As shown in Figueroa and Legendre [7] , the correlations of Winnikow [29] and Takemura and Yabe [5] are very useful to describe the external Sherwood number Sh ext 1 . These two relations are able to predict the increase of the Sherwood number induced by an increase of the Reynolds number. However, the relation derived by Winnikow [29] , based on the tangential velocity derived by Moore [30] , is only valid for Re > 50. Moreover, the relation of Takemura and Yabe [5] is also not able to reproduce the pure diffusion limit Sh ext 1 ¼ 2, when both the Reynolds and the Péclet numbers tend to zero. Consequently, there is not a general relation equivalent to relation (25) available for the description of the external transfer whatever the Reynolds and Péclet numbers considered.
For the discussion reported in this section, no additional simulation for the external transfer has been performed because of the large amount of results available in the literature. The external Sherwood number Sh ext 1 values have been collected from several numerical studies [31] [32] [33] 7] . 
As shown in Fig. 13 , the results of Saboni et al. [33] for creeping flow (+) and the results of Legendre and Magnaudet [31] for low Péclet number at Sc =1() are in good agreement with relation (30) . Note that, relation (30) is consistent with both the analytical asymptotic solution in the limit of low Péclet number [34] 
where the approximate value 0.564 in relation (30) has been replaced by the exact one (4/3p) 2/3 deduced from the analytical solution (32 
Consequently, relation (33) provides an accurate description of the external mass (or heat) transfer for a complete range of both the bubble Reynolds number and the Péclet number.
On the effective Péclet number
The results presented above indicate that the relevant parameter for the description of both the internal (resp. external) mass (or heat) transfer is the Péclet number Pe max (resp. Pe ext max ) based on the maximum velocity at the bubble surface. Fig. 14 shows that relation (33) deduced from relation (30) describes the evolution of the Sherwood number for all the values (Re, Pe) considered. As a consequence the so-called effective Péclet number [13] is Pe eff =2-Pe max . Thus, the effective Péclet number can be described for all the values of both the Reynolds number and the Péclet number as
The evolution of Pe eff /Pe is reported in Fig. 15 as a function of the Reynolds number. Due to the variation of the maximum velocity at the bubble surface with the Reynolds number, the value of the effective Péclet number is tripled between the limit at low Reynolds number and the limit at high Reynolds number. The effective Péclet number proposed by Oliver and De Witt [13] (relation (3)) is also shown in Fig. 15 . The two relations are in agreement at very low Reynolds number. This is consistent with Fig. 9 where the agreement with relation (30) is shown for Re = 0.1. Finally, the results presented in this study indicate that both the internal and external mass (or heat) transfer can be described using the same effective Péclet number given by relation (35).
Conclusions
The mass (or heat) transfer inside a spherical clean bubble in a uniform flow has been considered by means of numerical simulation. Simulations were performed for Péclet number up to Pe = 2000 for a large range of the bubble Reynolds number (0.1 6 Re 6 100). The effects of both the Reynolds number and the Péclet number have been discussed by considering the evolution of the Sherwood number and the saturation time. For a fixed Péclet number, the transfer is increased when increasing the Reynolds number because the strength of the internal recirculation is enhanced. This study has revealed that the Péclet number Pe max based on the maximum tangential velocity at the bubble surface is the relevant parameter for the description of the transfer. The analysis has been extended to the external mass (or heat) transfer. Considering results from the literature we have shown that Pe max is also the pertinent parameter. Future works could confirm that Pe max is still relevant for the description of the transfer for larger Péclet and Reynolds numbers. It should be also very interesting to extend a similar analysis to partially contaminated bubbles, deformable bubbles and fluid spheres with higher viscosity ratio.
In this study we have considered the transfer inside a clean, spherical bubble with a fixed radius in a uniform steady flow. The objective was to improve the knowledge of the inside transfer since most of the previous studies have considered the external transfer for the same configuration. Such results for the transfer can then be used for the modeling of complex bubbly flows and are more or less valid depending on the case under consideration. Typically, it is supposed to give a good description of the transfer for dilute bubbly flows (less than 1or 2 percent) and if the flow seen by the bubble is uniform at the bubble scale (i.e. if the bubbles are much smaller than the smallest scale of the flow). In addition, the results are obtained considering a fixed radius. Such quasisteady evolution is in practice reasonable if the characteristic time scales of the transfer (diffusion and advection) are much smaller than the characteristic time of the radius evolution. However, the recent experiments of [37] have shown that the corresponding deduced models for the external transfer can be used for a good prediction of the transfer in a dense bubble swarm up to void fraction of about 16.5%. Such experimental results make us confident that the results obtained under academic configuration are very useful for the modeling of complex bubbly flows.
